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LMS/EPSRC Durham Symposium on Higher Structures in M-Theory
David S. Bermana,∗
We examine the challenge of viewing all the fields in su-
pergravity as arising from a Kaluza–Klein like dimensional
reduction of some higher-dimensional theory. This gives
rise to what is known as exceptional field theory or dou-
ble field theory. A particular emphasis is placed on fol-
lowing the Kaluza–Klein intuition leading to the identifica-
tion of charged states and a reinterpretation of the cen-
tral charges. We further give a description of the novel ex-
tended geometry as a generalised phase space and the
relationship to string and M-theory theory and the notion
of quantization.
1 Introduction
1.1 Some small history
This paper as a whole follows a very non-historically ac-
curate approach to double and exceptional field theory
based on a Kaluza–Klein approach to supergravity. Be-
fore beginning this chain of logic let us first briefly de-
scribe some of the history of the subject. Almost 30 years
ago Michael Duff [1] developed a string world-sheet the-
ory where T-duality appeared as a manifest symmetry.
Subsequently Arkady Tseytlin [2,3] described different as-
pects of a string in a doubled space-time withmanifest T-
duality beforeWarren Siegel [4] described a sophisticated
world-sheet theory with manifest O(d ,d) symmetry. Af-
ter a break of some years, in 2009, Hull and Zwiebach
[5, 6] and then with Hohm [7, 8] examined a truncation
of closed string field theory keeping only themomentum
and winding modes of the string field and produced a
string background with twice the number of coordinates.
This theory is known as double field theory (DFT). Some-
what in parallel, the Korean group [9,10] developedwhat
is now called the semi-covariant formalism.
In parallel developments, in the work of Cremmer, Ju-
lia and Scherk [11], eleven-dimensional supergravity re-
duced on a d-dimensional torus was shown to exhibit an
Ed exceptional group of global symmetries. Later with
the advent of M-theory [12, 13] this Ed -symmetry was
extended to a duality of string theories known as U-
duality that combined T-duality with S-duality. Various
works then attempted to reformulate supergravity the-
ories such that exceptional symmetry would become a
manifest symmetry of the theory, notably in the numer-
ous works ofWest [14], Nicolai [15] and others. In [16], by
extending the number of dimensions, the group E7 was
made into a manifest symmetry and in [17] the group
SL(5) was similarly made manifest again by extending
the number of dimensions. There have been other nu-
merous developments, perhaps most notably the role of
generalised geometry in this schemehas been developed
in [18,19]. Themain thrust of this paper is to focus on the
extra coordinates and so this will not be our approach.
Crucially, as we can see from the above narrative, the
duality symmetries in string and M-theory were at the
heart of the developments for these theories. We wish
to emphasize that in the approach described here this
is only a by-product of these theories and one should
not see DFT or exceptional field theory (EFT) as a the-
ory tomake duality symmetriesmanifest. To do sowould
make these theories redundant for backgrounds without
isometries (T-duality in its usual form requires isome-
tries of the background) and this is not true.
1.2 Kaluza–Klein theory
Let us beginwith a review of traditional Kaluza–Klein the-
ory. This is so we can give a prescription for a series of
steps that we will emulate later for all the bosonic fields
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in supergravity and so produce double or exceptional
field theory. The starting point is Einstein–Maxwell the-
ory in four dimensions coupled to a scalar field. The field
content is thus the metric gµν, the one-form vector po-
tential Aµ and the scalar field φ. The action for these
fields is given by
S =
∫
d4x
p−g eφ (R(g )− 14FµνFµν− 12∂µφ∂µφ) , (1)
where Fµν = ∂µAν−∂νAµ is the field strength for Aµ. The
local symmetries of the theory are given by diffeomor-
phisms, as described by the Lie derivative,
LVU
µ =V ρ∂ρUµ+∂ρV µUρ , (2)
and the gauge transformations of Aµ,
δAµ = ∂µχ . (3)
Thus there are five parameters for the local symmetries:
the four vector that generates the diffeomorphisms, V µ,
and the single scalar χ that generates the gauge transfor-
mations of Aµ.
The Kaluza–Klein idea may then be expressed as fol-
lows: given there are five parameters for the local sym-
metries, can one combine them to form a five vector
Vˆ µˆ such that diffeomorphisms generated by this five
vector acting on some five-dimensional metric, gˆµˆνˆ will
reproduce the four-dimensional local transformations
described above. (We take hatted objects to be five-
dimensional and µˆ= (µ,5).)
The challenge then is to find the five-dimensional
metric that meets this criteria, and the answer can be
found to be:
gˆµˆνˆ =
[
gµν+φ2AµAν φ2Aν
φ2Aµ φ
2
]
. (4)
For the five-dimensional theory to have five-dimensional
diffeomorphism invariance implies that it should be de-
scribed by the five-dimensional Einstein–Hilbert action,
S5 =
∫
d5x
√
−gˆ R(gˆ ) . (5)
Inserting the ansatz (4) into this five-dimensional ac-
tion reproduces the four-dimensional action (1) pro-
vided that the fields are independent of the new fifth di-
mension i.e. for all fields and gauged transformations:
∂x5 = 0. (6)
Anotherway to think of this is that the original local trans-
formations only depended on four dimensions and so to
reproduce this we need the constraint (6) to apply to the
parameters generating the local transformations.
Thus, the five-dimensional diffeomorphisms restric-
ted to four dimensions by (6) are equivalent to four-
dimensional diffeomorphismsandone-formgauge trans-
formations. Strictly speaking we have only seen this in-
finitesimal transformations and have not examined so
called ‘large’ transformations i.e. diffeomorphisms or
gauge transformations that are finite and not connected
to the identity.
In some sense we were lucky in that the combina-
tion of diffeomorphisms and one-form transformations
nicely combine into five-dimensional diffeomorphisms
(it is hard to imagine an a priori argument that this had to
be the case without already knowing about Kaluza–Klein
theory). In the sections that followwe will have to be a lit-
tle more creative since to combine diffeomorphism with
p-form gauge transformations will not produce usual
diffeomorphisms in a higher-dimensional theory. Before
doing this, let us examine the Kaluza–Klein approach
somemore as this will provide a guiding hand later.
Now that we have the higher-dimensional theory (5),
the metric ansatz (4) and the constraint for the reduc-
tion (6) the next step is to look for the origin of the elec-
trically charged states in the theory. So far the action
(1) describes Einstein–Maxwell theory with no currents.
How can we add electric sources from the new higher-
dimensional perspective?
The answer is givenquickly by calculating the geodesic
equations for a probe particle in the five-dimensional
theory with the ansatz (4). Doing this, one discovers that
the Lorentz force law for electric charges is recoveredpro-
vided one identifies the four-dimensional electric charge
with the derivative in the fifth dimension. One then uses
the usual relationship between the probe particle wave
function and the momentum operator as a derivative to
write:
i∂5 = P5 =Qe . (7)
Thus objects with momentum in the fifth direction will
appear as electric charges from the four-dimensional per-
spective. A light-like object in five dimensions will obey:
P µˆPµˆ = 0 P5P5+PµPµ = 0. (8)
Then, since the four-dimensional on-shell relation is
PµPµ = −M2, this implies that P5 =M and thus the BPS
condition:
M =Qe . (9)
At this point one may ask about electric charge quanti-
sation. If one requires Qe to be quantised then this im-
plies that the extra Kaluza–Klein direction is compact,
2
P
ro
c
e
e
d
in
g
s
typically one takes this direction to be a circle of ra-
dius R . Then the momentum operator P5 will have a dis-
crete spectrum with P5 = ħnR where n is an integer. This
is the usual way Kaluza–Klein quantises electric charge,
which differs slightly from the usual Dirac quantisation
in that there is no mentioning of magnetic charges. The
alert reader may feel slightly dissatisfied with the fact
that although the electromagnetic field is geometric the
charges are not. This may be remedied as follows. The
clue is to take seriously the identification of momentum
with charge and mass. Now to realise charge and mass
using only a gravitational degrees of freedom one then
seeks a gravitational solution with momentum in the
Kaluza–Klein direction. Momentum is then thought of in
the ADM [20] sense. To write a solution whose ADMmo-
mentum is P5 one needs a Killing symmetry in that di-
rection. To require the mass to be also given by P5 then
also needs a Killing direction in time and the solution be
a null wave such that P5 = P0. Such solutions are known
and are called pp-waves. The solution is as follows:
ds2 =−H−1dt2+H(dx5− (H−1−1)dt)2+dy2d−2 . (10)
The function H is a harmonic function of the transverse
space, H(r ) = 1+ p/r , and the parameter p in the har-
monic function will be the momentum. Note that since
this has a Killing symmetry along x5, it is independent of
the x5coordinate and obeys the Kaluza–Klein constraint
on the metric (6). This is in contrast to the usual quan-
tum mechanical intuition whereby fields in momentum
eigenstates depend exponentially on the associated coor-
dinate. At this point, without quantummechanics charge
quantisation is mysterious from the purely gravitational
point of view. These null waves are solutions that con-
struct for us electrically charged objects from pure grav-
ity in five dimensions. The next natural question to ask
is how one may construct magnetic charges? Follow-
ing Dirac’s construction of magnetic monopoles in elec-
tromagnetism indicates that instead of thinking of the
Kaluza–Klein total space as a product space,M4×S1, one
declares that the circle is fibred over theM4 such that it is
onlyM4×S1 locally. In fact, to construct amonopole one
uses the Hopf fibration where S3 is a circle fibred over an
S2 base,
For the monopole solution in gravity one then takes
the base S2 for the Hopf fibration as coming from the an-
gular polar coordinates on the space transverse to a point.
In other words, M4 = Rt ×R+× S2, where Rt is the time
direction which plays no role and R+ is the radial direc-
tion. One now fibres the Kaluza–Klein circle over the S2
to make S3 and allow a fibration of the resulting S3 over
R+. This solutionwas found independently by Sorkin [21]
and Gross and Perry [22]:
ds2 =−dt2+H−1(dz2+ Aidy i )2+Hdy2 . (11)
The field Ai which controls the twist is related to the har-
monic function as follows:
∂[i A j ] = 12ǫi j k∂kH , H = 1+
g
r
. (12)
From the perspective of four dimensions and the gauge
field Aµ, this is an object with magnetic charge g . Topo-
logically the magnetic charge is the first Chern class of
the circle fibration and is thus quantised. One can then
use the relationship between radius of the Hopf circle
and the electric charge to produce theDirac quantisation
condition:
eg = 2πnħ . (13)
The quantisation now though is topological in origin, it
requires the fibre to be a circle and its twist over the base
must be integer. Thus demanding amagnetic solution re-
quires the Kaluza–Klein isometric direction to be a circle.
Remarkably even though there is no metric dependence
on this direction the topology of how it is fibred gives rise
to the magnetic charge.
There are then a set of obvious extensions to this idea.
One can have yet more hidden dimensions, let us denote
by d their number. Once one has this then there is a ques-
tion about their geometry. Having the d hidden dimen-
sions be a torus just gives d copies of U (1) gauge theo-
ries. One can do somethingmore interesting and recover
non-Abelian gauge fields and Yang–Mills theory if our d
dimensional space is a group manifold. So for example
take the hidden space to be S3 which is the group man-
ifold of SU (2). One then carries out a so called reduc-
tion using twist matrices often called a Scherk–Schwarz
reduction. These twist matrices are essentially given by
the left-invariant Maurer–Cartan one-forms on SU (2).
1.3 M-theory
The type IIA string low energy effective action is IIA su-
pergravity whose bosonic fields split into the so called
NS-NS sector which is the metric, dilaton and two-form
potential: gµν,φ,Bµν with H = dB the field strength of B
and the RR sector whose fields are one-form and three-
form potentials Cµ,Cµνρ with field strengths G(2) = dC(1)
andG(4) = dC(3)−C(1)∧H(3), respectively.
The action is given by:
S =
∫
d10x
p−ge−2φ (R − 112H2− 12 (∂φ)2) −
−
∫(
1
4
G2(2)− 148G(4)+ 12G(4)∧G(4)∧B
)
.
(14)
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The expectation value of eφ is the string coupling gs . The
essence ofM-theory is now to carry out the Kaluza–Klein
programme and lift the metric and one-form potential
Cµ to an eleven-dimensional metric. This is just a tradi-
tional Kaluza–Klein lift with:
ds211 = g (11)µν dxµdxν+R211(dx11−Cµdxµ)2 (15)
where we have identified the RR one-form Cµ with the
Kaluza–Klein vector field. The other fields must then be
related as follows. A three-form potential of eleven di-
mensions, C (11)3 comes from combining the two-form,
B (10)2 (which is the NS-NS two-form of IIA) and the ten
dimensional IIA RR three-formC (10)3 . That is:
C (11)11µν = B (10)µν , C (11)µνρ =C (10)µνρ . (16)
With these identifications and after a Weyl scaling of the
metric then we can identify the eleven-dimensional the-
ory as the bosonic sector of eleven-dimensional super-
gravity. The necessary Weyl scaling to allow this identifi-
cation relates the eleven-dimensional metric in terms of
the ten dimensional metric in the IIA action as follows:
g (11)µν =
1
R11
g (10)µν . (17)
When the dust settles one is left with the following eleven-
dimensional action:
S =
∫
d11x
p−gR −
∫
1
48G
2−
∫
1
6G∧G∧C , (18)
where G = dC is the field strength for the eleven-dimen-
sional three-form C . The key aspect of the lift is that the
string coupling in IIA then is given by the R11 as follow:
gs =
(
R11
lp
) 3
2
. (19)
Thus the strong coupling limit is the limit in which
the theory recovers the full eleven-dimensional symme-
try. Again following the Kaluza–Klein intuition one sees
that the charged object associated to Cµ which is the
D0 brane is the momentum in the 11th direction. (The
D0 is BPS which thus implies one should take a null
wave in the eleventh direction.) Finally, if one twists the
eleven-dimensional circle to make a Kaluza–Klein mag-
neticmonopole using the eleventh direction then one ob-
tains the D6 brane.
Hence, M-theory geometrises the D0 and D6 branes
to become waves and monopoles in the higher-dimen-
sional theory. Much of the rich structure of M-theory
comes from how the IIA fields are restructured by the
eleven-dimensional lifting. One other thing to note is
that once one has the eleven-dimensional theory one
can reduce in a different way. Different reductions will
give different perturbative string theories.
This eleven-dimensional lifting has obviously led to
a huge number of non-trivial results but in retrospect it
looks like we have only done a small fraction of the job.
We have combined themetric with the one-formRR field
but what about the NS two-form and the other RR fields?
The approach is far from being universal. Thus in what
followswewill want to combine all the p-formfieldswith
themetric and so geometrise all the fields andmake them
part of a single higher-dimensional object.
2 Lifting NS-NS supergravity, double field
theory
Now that we have seen in Kaluza–Klein theory (and M-
theory) how to combine one-form gauge fields with the
metric, let us move to the next simplest case of trying to
combine the NS-NS two-form gauge field, Bµν, with the
metric, gµν. This NS-NS sector is common to all the su-
pergravities whereas the spectrum of the RR fields differ
between IIA and IIB and does not exist in the Heterotic
or type I theories. The action in d dimensions which also
includes the dilaton field φ is given by:
S =
∫
dd x
p−ge−2φ (R − 1
12
H2− 1
2
(∂φ)2
)
, (20)
where H = dB is the field strength of B .
The local symmetries are now the d-dimensional dif-
feomorphisms generated by a vector field vµ through
the Lie derivative as before combined with theU (1) two-
form gauge transformation which is generated by a one-
form gauge parameter χµ as follows:
δBµν = ∂[µχν] . (21)
Now, following our intuition from the Kaluza–Klein case
we want to combine the parameters of the local symme-
tries into a single generalised vector field V I = (vµ,χν).
Immediately one sees that this requires the generalised
vector to be 2d-dimensional, so that I = 1, . . . ,2d . Also,
there is an unusual property that the first d compo-
nents of the vector are contravariant with respect to d-
dimensional diffeomorphisms while the second d com-
ponents transformcovariantly.Mathematically one thinks
of vector fields as sections of the tangent bundle. Now for
the generalised vector field it is a section of the direct sum
of the tangent bundle and cotangent bundle. This exten-
sion of the tangent bundle ofM by the cotangent bundle
4
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ofM is often denoted by:
TM ⊕T ∗M (22)
and is the basis for generalised geometry developed by
Hitchin and Gualtieri [23]. M denotes the original d-
dimensional manifold. Following our Kaluza–Klein intu-
ition indicates that we should not only extend the tan-
gent space but extend the space itself to 2d dimensions.
We then introduce coordinates on this doubled space.
1 We take the doubled coordinates to be X I = (xµ, x˜µ)
where x˜ν are the new novel coordinates of the doubled
space. The capital Latin indices I , J etc. run from 1,. . . ,2d
and the Greek indices µ,ν etc. run from 1,. . . ,d .
Inspired by Kaluza and Klein we then seek a so called
generalisedmetric for this 2d dimensional extended space
that will combine the fields gµν and Bµν into a single
generalised geometric object. This generalised metric is
given by:
MI J =
(
gµν−BµαBαν Bµβ
Bαν g
αβ
)
. (23)
One sees it follows the Kaluza–Klein metric ansatz for d
additional dimensions but with the peculiarity that the
new novel dimensions have been assigned a metric gµν.
The origin of this metric and its properties will be dis-
cussed in more detail later; for now it is sufficient to see
it as a natural generalisation of the Kaluza–Klein metric
with d extra dimensions.
The next step is to construct an action functional for
the generalisedmetric (anddilaton) that under reduction
will be equal to the supergravity action (20). Reduction
here means that we remove functional dependence on
the new d coordinates. That is (for now) we will demand,
that:
∂x˜ν = 0 (24)
when acting on the fields. This is the equivalent of the
Kaluza–Klein constraint (6). An impetuous reader might
be tempted to try the Einstein–Hilbert action in 2d di-
mensions with the generalised metric (and usual dila-
ton). This does not give the right answer. To see why
we can use our previous Kaluza–Klein calculation to
quickly do the reduction of the 2d-dimensional Einstein–
Hilbert action with generalisedmetric, Bµ
ν from the nor-
mal Kaluza–Klein perspective are d vector fields, one
1 To be able to do so we will assume that the space is locally
isomorphic toR2d .
for each new dimension. Under this reduction, the 2d-
dimensional Einstein–Hilbert action gives the d-dimen-
sional Einstein–Hilbert action along with the term
−1/4FµναFµνα where Fαµν = ∂µBνα − ∂νBµα is the field
strength for d one-form fields. Under the gauge transfor-
mation (21) for Bµν this field strength Fµν is not gauge in-
variant and thus the action is manifestly not symmetric
under this symmetry. This is disappointing, as it means
there is there not a lift of a two-form gauge theory to
Riemannian geometry in higher dimensions. Or in other
words, 2d diffeomorphisms do not contain the gauge
transformations of d-dimensional two-formgauge trans-
formations. This statement can be seen directly by ex-
amining the Lie derivative in 2d dimensions acting on
the 2d generalised metric subject to the constraint (24).
The usual Lie derivative generates: δBµν = ∂µχν where
there is no antisymmetrisation on indices and is thus
not the gauge transformation for the B-field. (This is just
the usual transformation of d U (1) one-formfields.) One
could just give up now and it is perhaps this result which
explains why the Kaluza–Klein lift of theories with higher
form gauge fields has only recently been developed. In-
stead we will persevere with the knowledge that the lift
will not be usual geometry but some generalisation and
it will be our goal to uncover its structure.
First let us find the action by brute force. We will take
a completely general two derivative action of the gener-
alised metric and dilaton with all 2d indices contracted.
The coefficient for each term will then be fixed by de-
manding that the action reduces to the correct one af-
ter imposing (24). Remarkably, this can be done. (Given
that there are just six different terms for the alternative
contractions, and thus ignoring an overall scaling of the
action this means just five coefficients are fixed to give
the bosonic NS-NS supergravity action. In terms of a two
derivative action for the metric and B-field, the super-
gravity action has over 10 terms, thus it is very unclear
that this a priori this is possible.) Fixing these coefficients
(and allowing some integration by parts which implies
some additional surface terms as given in [24]) we find
the action for the generalised metric MI J that does the
job is:
S = e−2d (18MMN∂MMKL∂NMKL−
− 12MMN∂NMKL∂LMMK −
−2∂Md∂NMMN +2MMN∂M∂Nd
)
,
(25)
where we have introduced a new rescaled dilaton field d
related to the usual dilatonφ by e−2d = e−2φpg . The next
step is to determine the local symmetries. The idea is that
the full 2d transformations that are generated by a gener-
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alised vector fieldV I will preserve some additional struc-
ture and so the Lie derivative will be deformed. The guid-
ing principle will be that the new generalised Lie deriva-
tive when reduced using (24) should give d diffeomor-
phisms and two-form transformations (21). We write the
generalised Lie derivative in terms of the usual Lie deriva-
tive and a deformation as follows:
LˆVU
I =LVU +Y I J KLUK∂JV L , (26)
where LVU
I is the usual Lie derivative and Y I J KL is a
globally defined invariant tensor that is to be determined
based on the above requirements. For the case at hand
the Y-tensor is determined to be:
Y I J KL = ηI JηKL , (27a)
where
ηI J =
(
0 1
1 0
)
(27b)
is a globally definedO(d ,d) tensor. A crucial property of
(26) is that it leaves the ηI J invariant and thus the gener-
alised Lie derivative actually generates local continuous
O(d ,d) transformations. This O(d ,d) structure appears
throughout the theory. The generalised metric (23) is in
fact a representative of a coset:
O(d ,d)
O(d)×O(d) . (28)
It obeys the condition:
M I J = ηIKMKLηLJ , (29)
which means that one can raise or lower indices with ei-
ther the generalised metric or ηI J . Essentially this η ten-
sor is what allows one to split the coordinates on the
space into xµ, x˜ν. That is it allows us to have a polarisa-
tion on the space. The next step is to examine the con-
sistency of all of the above. First, we must check whether
the action for the generalised metric is invariant under
the generalised Lie derivative. This is a non-trivial check
since the action has not been constructed using covari-
ant objects as we would in Riemannian geometry. Basi-
cally, we have the equivalent of the Ricci scalar written in
terms of partial derivatives, themetric and its inverse and
so the symmetry under local transformations is far from
obvious. Fortunately, the action is indeed invariant under
transformations (26). Then we must examine the consis-
tency of the local symmetry itself and study the algebra
of the transformations generated by the generalised Lie
derivative. First, let us recall that for the usual Lie deriva-
tive:
{LU ,LV }=L[U ,V ] . (30)
Nowwe discover that:
{LˆU ,LˆV }= Lˆ[U ,V ]C +aηI J∂I∂J , (31)
where the hatted terms are the generalised Lie derivates
given by (26) and the [., .]C is the so called ‘C-bracket
which is defined as:
[U ,V ]MC =UP∂PV M − 12ηMNηPQUP∂NV Q − (U↔V ) .
(32)
The second term in the algebra (31) prevents it from clos-
ing. At this point one shouldworry. In addition to this the
above ‘algebra’ of generalised Lie derivatives (31) does
not obey the Jacobi identity. The resolution to these is-
sues is that one must impose a covariant constraint on
all fields given by
ηI J∂I∂Jφ= 0 (33)
with φ any field in the theory. When this constraint is ap-
plied then the algebra closes. As we will see later many
other issues will also disappear with this constraint ap-
plied. Writing out the constraint in terms of the coordi-
nates xµ, x˜ν,
∂xµ∂x˜µφ= ∂µ∂µ˜φ= 0. (34)
This is obviously solved by the Kaluza–Klein like con-
straint that we have been using to construct the theory:
∂x˜µφ= 0. (35)
Here though we see the first clear departure from the
Kaluza–Klein paradigm, the reduction of the theory by
definition obeys (35) but for Kaluza–Klein theory the
unreduced theory has no constraints. Here the ‘unre-
duced theory’ still obeys a (quite stringent) constraint,
(33). Note that the constraint (33) is weaker than the con-
straint (35) and so it is certainly still a reduction of the
theory. Working with the full theory that only obeys the
weaker constraint is still a key challenge for Double Field
theorists. There is much more to be said here about how
if one expects to implement the constraint on products
of fields then the so called weak constraint (33) becomes
the following ‘strong constraint’:
ηI J∂Iφ∂Jψ= 0. (36)
Straight away however one see that the above constraint
can be solved in the larger theory with the alternative
choice:
∂xµφ= 0, (37)
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so that now the fields will depend on x˜ν only. There is
no Kaluza–Klein equivalent statement. How can we in-
terpret this choice of solution of the strong constraint?
First let us discuss how we identify our physical space-
time within the doubled space. We solve the strong con-
straint to discover that our generalised metric and dila-
ton depend on a set of coordinates. We then identify
those coordinates as corresponding to those of our space-
time. We then make what is known as a ‘choice of sec-
tion’ (the strong constraint is also called the section con-
dition by some). The choice of section is the identifica-
tion of a d-dimensional subspace within the doubled 2d-
dimensional space in which the double field theory is
constructed.Whenwe solve the strong constraint and de-
terminewhich coordinates the fields dependon then this
gives us a canonical choice for the choice of section, that
is subspace, for which those are the coordinates. Now,
if one uses (37) as a choice for solving the strong con-
straint then the canonical choice of section is the space
spanned by the x˜ν coordinates. Reducing the theory to
these choice of section then reproduces something unex-
pected. One again reduces to d-dimensional NS-NS su-
pergravity.
2.1 T-duality in double field theory
We see in the above that there are thus a variety of re-
ductions of the double field theory (DFT) that give su-
pergravity. Above we chose all x coordinates or all x˜ co-
ordinates but obviously one can make a mixed set pro-
vided the strong constraint is obeyed. In each case one
lands on d-dimensional supergravity. The independence
of the generalised metric on d coordinates is like hav-
ing d isometries (although written in non-covariant lan-
guage). Now let us consider the case where we have ad-
ditional isometries and the generalised metric depends
on less than d coordinates. To be concrete let us consider
a particular background given by a metric and B-field in
which there was no dependence on some particular co-
ordinate which we will label z nor on its canonical pair z˜
(the η tensor gives a pairing between every coordinate x
and every x˜. This background obviously solves the strong
constraint and even does so degenerately for z and z˜ in
that the fields do not depend on either of them. Now
the section condition prescription to determine the d-
dimensional subspace of the 2d space is ambiguous. One
could take the choice of section to be the space equipped
with coordinates x,z or the space with coordinates x, z˜.
Since neither coordinate appears in the solution it can
be included trivially in our choice of what we call space-
time. However when we do this that means we will iden-
tify different components of the generalised metric with
the space-time metric. Thus with a single isometry there
is a Z2 ambiguity. The different choices will then imply
different choices of metric for space-time (and B-field in
higher dimensions). These different choices are related
through what is called T-duality and the rules determin-
ing how the metric and B-field transform when there is
an isometry are known as the Buscher rules. All of this
is manifest in the double field theory as a consequence
of the ambiguity in section choice in the presence of
an isometry. For d isometries, the transformations form
an O(d ,d) group. This is immediately realised in double
field theory as a linear transformation on the generalised
metric. It is in this sense that double field theory makes
‘duality manifest’. It is important to realise though that
without isometries there is no duality but there is still the
local O(d ,d) of generalised Lie derivatives that captures
the local symmetries of the theory. The shift in the dila-
ton under T-duality is captured by relating the DFT dila-
ton to the usual dilaton and requiring the usual measure
for the d-dimensional section being
p
g . Relating the two
dual theories then produces the usual dilaton shift. Note
that the generalised metric has unit determinant and so
does not contribute to the measure; in DFT the measure
is the DFT dilaton. Once we pick a section and choose
our d-dimensional space-time then we need a measure
on this space which we do with a field redefinition of the
DFT dilaton as follows,
e−2d =pge−2φ . (38)
For different choice of section this will be different giving
rise to the induced dilation transformation between the
dilaton φ and its dual φ˜,
e−2φ = e−2φ˜g . (39)
2.2 Charged states
Again we follow the Kaluza–Klein intuition and look at
the charged states of the theory. Rather than examine
probes of the background and their geodesic equation
the approachwewill takewill be to look for solutions that
have ADM type of charges. First, we should develop an
ADM formalism for DFT (this has been done by a set of
people [25–27]). Then as expected the ADMmomentum
in p x˜ν will be associated with the electric charge of the
three-form field strength:
Qe =
∫
∗H . (40)
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The object that carries such an electric charge is the
string. (The direction of the momentum in the x˜ space
corresponds to the orientation of the string in usual
space-time.)
We now seek a solution to the DFT equations of mo-
tion that has p x˜ν momentum and following the Kaluza–
Klein approach it will have the structure of a null plane
fronted wave. We first introduce the coordinates: XM =
(t ,z, ym, t˜ , z˜, y˜m) so the wave will be oriented in the
t ,z, t˜ , z˜ directions with the y and y˜ directions transverse.
Then the solution2 maybe written as follows [28]:
ds2 =MI JdX IdX J
= (H −2)(dt2−dz2)−H(dt˜2−dz˜2)+
+2(H −1)(dtdz˜+dt˜dz)+
+dy2+dy˜2
(41a)
with
e2d = constant . (41b)
This DFT wave solution may now be examined with an
alternative choice of section or equivalently just rotate
the direction of propagation to x space. When one does
so one recovers the usual wave solution of supergravity.
And thus the T-dual objects of wave and string are a sin-
gle wave solution in DFT with a single charge the DFT
momentum. The orientation of the momentum is what
determines the interpretation in space-time as a string
or wave. The well versed reader will be aware that in gen-
eral relativity the notion of conserved currents such as
energy and momentum require some care to construct
and in fact for a generic solution they do not exist. As fit-
ting with Noether’s intuition there needs to be a global
symmetry for a conserved charge which in turn means
a Killing symmetry (at least asymptotically). This allows
the definition of the ADMmass and the Komar like inte-
grals. The equivalent to these have been constructed in
DFT in [25–27] so that when we refer to the momentum
of the solution inDFTwe are using the prescription given
in these papers.
Note, the wave solution is actually not singular even
though the string solution is. We thus have a realisation
of one of the goals of string theory, to remove singulari-
ties from supergravity solutions.
2 We give DFT solutions as line elements so as to conveniently
encode the generalised metric even though the concept of a
line element is problematic since it is notO(d ,d)-invariant.
Now that we have done the electric charges, the next
step is to find the magnetic charges. We will follow the
Gross–Perry–Sorokin ansatz and fibre a circle around a
transverse S2 as before to form the Hopf fibration of S3.
We will now take the fibre to be in the x˜ space and use
the same coordinate system as before:
ds2 =MMNdXMdXN
=H(1+H−2A2)dz2+H−1dz˜2+
+2H−1Ai (dy idz˜−δi jdy˜ jdz)+
+H(δi j +H−2Ai A j )dy idy j +H−1δi jdy˜idy˜ j +
+ηabdxadxb+ηabdx˜adx˜b .
(42a)
The DFT dilaton is now:
e−2d =He−2φ0 , (42b)
and Ai andH are related aswith theGross–Perry–Sorokin
monopole. For more details see the paper [29]. When we
examine this solution with the usual choice of section i.e.
x space then it is the NS five-brane solution with mag-
netic charge:
QM =
∫
H (43)
which is the integral of the H-flux over a transverse three
cycle (H should not be confused with the harmonic func-
tion appearing in the metric). This is no surprise as the
five-brane is the magnetic dual of the string. The solu-
tion with the alternative choice of section produces the
Kaluza–Klein-monopole. The monopole and five-brane
are T-dual so again we are producing a single solution
where different choices of section give T-duals.
Now the attentive reader may worry we have come
perilously close to geometrising the gerbe. In the sense of
producing a total geometric space for non-trivial gerbe.
This is in general not possible. This construction does
produce a three-form flux in cohomology but does so by
also requiring an additional circle so that one can use:
H3(S1×S2)=H2(S2)H1(S1) , (44)
and the usual monopole construction to form H2(S2)
through a Hopf fibration. Thus in fact one is not pro-
ducing the general NS five-brane but a smeared NS five-
brane on a circle. Making more general fluxes and also
‘localising’ the brane on the circle is something that leads
to so called ‘winding mode corrections’ of the solution.
Such correctionswere first predicted back in 1998 by Gre-
gory, Harvey and Moore [30] and then realised in DFT in
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a series of works [31, 32, 29, 33, 34]. This is one of the ap-
plications of DFT, one simply allows the delta function
source of the harmonic function to be localised in wind-
ing space and one recovers a harmonic function that was
windingmode dependencies. Those are the string theory
world-sheet instanton corrections. This works because
windings of string are dual to momentummodes and so
in the right variables (those of DFT) they may be mod-
eled with a Poisson equation.
Finally, in order for this to work we require the x˜ di-
rection to be a circle and then the momentum in this di-
rection must be quantised and so we then get the usual
Dirac quantisation for p-branes. With the x˜ direction
with radius R˜ and themomentumquantised in units of 1
R˜
this then gives the string tension as 1α′ = R˜−2. Remarkably
then the string tension is spontaneously generated from
compactification i.e. having x˜ with a scale. One might
ask what happens in the decompactification limit where
R˜→ 0. In this case the string tensionwould go to zero and
one is tempted to thinkwe are describing string theory in
a tensionless phase. Equally if R˜→∞ then the string ten-
sion goes to infinity and we only have supergravity.
But what more? Now we have an extended theory
all be it with a constraint. We can non-trivially fibre the
new novel directions while still obeying the constraint
to make non-trivial fluxes. Sometime ago people [35]
looked at what happens when one T-dualises H-flux and
so called geometric flux (the measure of the geometrical
twist). This was done with a toy model of the three-torus
with H-flux and the so called twisted torus. They are toy
models because they are not solutions of supergravity (or
string theory low energy effective) equations of motion.
This gave rise to the following sequence of fluxes:
Habc → f abc →Qabc →Rabc , (45)
where H and f are the usual three-form and geomet-
ric fluxes in supergravity. Q flux seemed something new
and R flux even more exotic and contentious since it
seemed to require a T-dualisation in a non-isometric di-
rection. Looking at actual solutions in supergravity, the
H flux was sourced by an NS5-brane and the f -flux
by the Kaluza–Klein monopole. The Q-flux was shown
to be sourced by an exotic brane [36] known as the 522
brane which although it locally solves supergravity equa-
tions of motion it requires a patching with an O(d ,d)-
transformation [37]. As such, exotic branes although so-
lutions of string theory are not globally defined solutions
of supergravity. They are of course bona-fide solutions
of DFT. Branes source R-flux can also be found but they
are even more exotic as they require a non-canonical
choice of section condition so that there is x˜ dependence
in the solution. See [38] for an excellent review of non-
geometric fluxes.
In the case of usual Kaluza–Klein theory, one could
consider more sophisticated reductions such as the
Scherk–Schwarz-type where one introduces twist matri-
ces to allow non-Abelian gauge fields in the reduced the-
ory. One can do this also with DFT and have generalised
Scherk–Schwarz reductions. This leads to gauged super-
gravity where the gauging is related to the twist field. This
is described in a series of works [39–42]. These gener-
alised Scherk–Schwarz reductions are one of the key ap-
plications of double field theory. They allow gauged su-
pergravities that otherwise would have no lift or origin
from a higher-dimensional theory.
3 Lifting 11d supergravity, exceptional
field theory
Kaluza–Klein theory incorporates vector fields into the
metric in one dimension higher. Double field theory in-
corporates the two-form B-field into a generalised met-
ric of a spacewith twice the dimension.What about other
p-form potentials such as the RR forms of type theories
or the three-form and six form of eleven-dimensional su-
pergravity? The RR sector of string theory lifts to eleven-
dimensional supergravity as described in our description
of M-theory above so if we can lift the p-form poten-
tials of eleven-dimensional supergravity then we can do
all of string theory. We can also come at this question
from an even more formal direction. Usual gravity can
be though of as the description of theGL(d)/SO(d) coset.
This is most conveniently seen in the vierbein formal-
ism where the vierbein has one GL(d) curved space in-
dex and one SO(d) tangent space index. Generalised ge-
ometry is concerned with the O(d ,d)/O(d)×O(d) coset.
The generalised metric of the previous section parame-
terises this coset. What then for other cosets? Recently
[43] has explored havingO(d ,d) cosets but with different
possibly asymmetric tangent space groups. This leads to
Double field theory describing a non-Riemannian space.
Now, can we ask about cosets of the exceptional groups?
Remarkably, exceptional cosets will provide us with the
right geometry for eleven-dimensional supergravity. In
fact one can then follow [43] and investigate different ex-
ceptional cosets leading to a host of non-Riemannian ge-
ometries in M-theory [44]. One unfortunate property of
the exceptional groups is that typically one has to deal
with them on a case by case basis rather than being able
to make a general statement for Ed .
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To make progress, we will now consider a simple ex-
ample that will illustrate most of the issues involved
and study the lifting of a three-form potential in four
dimensions to a higher-dimensional space. (Given that
we started with a one-form of Kaluza–Klein and then the
two-formofNS-NS supergravity, the three-form theory is
the obvious next step, the restriction to 4d makes the em-
bedding inM-theory natural as will be discussed later).
Lets follow the same process as before. The field con-
tent is the metric gµν and the three-form which we de-
note by Cµνρ and since we are in four dimensions µ,ν =
1, . . . ,4. The gauge transformation of C is the usual one
for an Abelian p-form, δC(3) = dχ(2), and its field strength
given by the exterior derivative of C is called H = dC . So
as before we want to combine this local symmetry with
diffeomorphism onto one ‘generalised diffeomorphism’.
The generalised diffeomorphism will be generated by a
generalised vector V I = (vµ,χ[µν]). Where I = 1, . . . ,10,
since there are four component of vµ but six compo-
nents of χ[µν]. One now makes the move following what
we did in double field theory and introduce coordinates
{xµ, y[µν]} that follows the same structure.
We combine these coordinates to produce an SL(5)
representation. The usual coordinates xµ and new novel
y[αβ] coordinates become the 10 of SL(5) which we de-
note with the indices I , J = 1, . . . ,10. Associated to these
coordinates will be a set of translation generators or gen-
eralised momenta: PI .
One then writes down a metric on this ten dimen-
sional space in terms of the usual metric gµν and three-
formCµνρ as follows:
GI J = (det(g ))−1/2
(
gµν+ 12CµǫτCνǫτ 1p2Cµ
σρ
1p
2
Cν
γδ gγδ,σρ
)
, (46a)
where
gµν,σδ = 1
2
(gµσgνδ− gµδgνσ) , (46b)
is the induced metric on two-forms. In fact this gener-
alised metric is a representation of the coset:
SL(5)/SO(5) . (47)
The reader worried about the overall factor of det(g ) in
the generalisedmetric is encouraged to read [45] and [46]
where the important role of this factor in U-duality is dis-
cussed.
Note, that as with DFT this is now a metric not on the
usual tangent bundle as with Riemannian geometry but
on:
TM ⊕Λ2T ∗M . (48)
Again one can see a Kaluza–Klein style of structure
with the C-field being the off diagonal components mix-
ing the usual space with the new novel space.
The next step is to find an action that reduces to the
one for gravity and a three-form once one removes the
dependence of the novel coordinates y[µν] from thefields.
That is when ∂[µν]· = 0 the action will becomes Einstein–
Hilbert with an appropriate H2 term. The action that
does this is [17]:
S = 112MMN∂MMPQ∂NMPQ − 12MMN∂MMPQ∂PMNQ+
+ 184MMN (MKL∂MMKL)(HPQ∂NHPQ) .
(49)
So having constructed the coordinates, the gener-
alisedmetric on the space and the action, the next step is
to look at the local symmetries. The local symmetries are
givenby the generalised Lie derivative as in equation (26).
Now the Y-tensor must be constructed from SL(5) invari-
ant tensors and under the constraint ∂[µν]· = 0 the lo-
cal transformations must become diffeomorphisms and
three-form gauge transformations. This is achieved with
the Y-tensor being given by: Y I J PQ = ǫI Ji ǫPQi with I , J in-
dices being in the 10 of SL(5) and i being a 5 of SL(5).
Given the generalised Lie derivative one can now seek
closure of the algebra. Just as in the DFT case, the alge-
bra will not close unless:
Y I J PQ∂I∂J = 0. (50)
A full discussion of the Exceptional Field Theory (EFT)
local algebra is given in [47]. One can then show with
some work that there are two independent solutions to
this condition [48] up to trivial transformations. One is
where we remove the dependence on the novel coordi-
nates leaving us with the original xµ. The other is where
we keep dependence on y14, y24, y34. These choices are
related to eleven-dimensional supergravity and IIB su-
pergravity respectively. This says that nowwhenwemake
different choices of section (by this we mean choosing
the coordinates that we identify as being space-time) we
can obtain either 11d or IIB in 10d . This is not a surprise
since exchangingwinding andmoment inM-theory does
not preserve dimension (essentially because the mem-
brane has two spatial dimensions). Different choices of
section in DFT in the presence of isometries led to T-
duality. Now different choices of section lead to the U-
duality transformations; again one must have sufficient
number of isometries to realise the U-duality group.
The astute reader will be at this point trying to work
out where the eleven (or indeed ten dimensions) are
since we have only managed to get a theory in four (or
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three) dimensions. Theway one thinks about this is as fol-
lows. TakeM11 =M4×M7. At this point theM7will be en-
tirely trivial e.g. a seven torus which nothing depends on.
Then we augment the four-dimensional space with the
additional 6 novel dimensions to give 10 dimensions de-
scribed by SL(5) generalised geometry and 7 dimensions
described by usual Riemannian geometry. Therefore we
have 17 dimensions in total before thenmaking a section
choice to go down to elevenor tendimensions. This is the
general story. We split the eleven-dimensional space as
M11 =Md×M11−d and then addnovel coordinates toMd
tomake them a representation of Ed . The generalised Lie
derivative will be the same, only the Y-tensor will change
(this is true up to and including E7). The section condi-
tion coming from the closure of the algebra will also be
the same once written in terms of the Y-tensor (again up
to and including E7).
The next steps then are to look at the states of the the-
ory just as we did in Kaluza–Klein theory and DFT. Null
momenta in the novel yµν directions give a membrane
solution wrapped on the µν directions. Thus we asso-
ciate the new novel directions with membrane winding
modes.
The next step is to consider the new coordinates fi-
bred non-trivially over the space-time base. A Kaluza–
Klein type monopole solution whose Hopf fibre has co-
ordinates y[µν] reproduces a wrapped five brane. This is
exactly keeping with the intuition from previous cases
where the fibred solution gives the magnetic state and
the state with momentum gives the electrically charged
state.
Finally, the reader will have noticed we have rather
brutally truncated the theory by completely ignoring the
M11−d space. What is now called exceptional field theory
as developed by Hohm and Samtleben [49–52] puts this
back in and allows for arbitrary fibrations of one space
over the other. The space we have been dealing with goes
by the name ‘internal space’ and the here neglected Rie-
mannian space is called the ‘external space’. The are field
that have indices both spacesmost importantly a field AIa
which is a one-form in the ‘external space’ and a vector in
the ‘internal space’ and describes how one is fibred over
the other. The local symmetries need to be made to be
consistent between both spaces. All these considerations
lead to a highly complex theory that is described in a se-
ries of works initially by Hohm and Samtleben [49–52]
and then by others [53–56].
The relevant coset, G/H for a given dimension d of
the internal space are listed in the table 1 along with R1
which is the coordinate representation ofG. We have also
listed H∗ for when the internal space is Lorentzian.
d G H H∗ R1
4 SL(5) SO(5) SO(2,3) 10
5 SO(5,5) SO(5)×SO(5) SO(5,C) 16
6 E6(6) USp(8) USp(4,4) 27
7 E7(7) SU(8) SU
∗(8) 56
8 E8(8) SO(16) SO
∗(16) 248
Table 1 The cosetsG/H and the dimension of the coordinate
representation for dimension d , internal space.
Before moving on lets consider some of the cases
in other dimensions and gain some intuition for the ta-
ble of cosets. Let us see what happens in the next in-
stance of d = 5. We will now reverse the logic from the
above. In the previous instances we looked at how to
lift the local symmetries, form an action and then find
solutions that correspond to strings and branes in the
space. The novel coordinates were then related to wind-
ing modes of these branes. Now we will use our knowl-
edge of branes in M-theory to establish what to expect
and then one can follow the same procedure as before.
M-theory hasmembranes andfive-branes.Whenwe con-
sider the d dimensional internal space wemust ask what
branes can winding in this space. Up to 5 dimensions it
is only the membrane and so the coordinates xµ, y[µν]
describe this. But when we have 5 dimensions or more
then wemust include coordinates for wound five-branes
thus augmenting the previous set with y[µνρστ]. There is
then onemore subtlety, which is that we can have wound
D6-branes which from the eleven-dimensional perspec-
tive is a Kaluza–Klein monopole with 6 world-volume di-
rections and one Hopf fibre direction and thus it would
have 6 antisymmetrised coordinates and a Hopf coordi-
nate. When one takes this into account then one gets the
dimension of the coordinate representations in the table.
Once we have sufficient number of dimensions to in-
clude the five-branewinding coordinates something new
happens when we consider solutions. We have coordi-
nates for both the wrapped membrane and the wrapped
five-brane but these are electromagnetic duals of each
other. Thus following the previous logic there would be
two ways to get the same solution. One could describe
the five-brane as a null wave in the y[µνρστ] direction or
as amonopolewithHopf fibre given by y[µν]. In fact since
electromagnetic duality is contained in the U-duality
group thesemust be the same solution in the exceptional
field theory. In fact one would then make the same argu-
ment for the membrane and describe it as either a null
wave in the y[µν] direction or as a monopole with Hopf
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fibre given by y[µνρστ]. The answer is that the solution
must be ‘self-dual’ meaning that it will be a wave in one
direction and a monopole in the electromagnetic dual
direction. This is reported in detail in [57] where these
self-dual solutions to EFTwere constructed and shown to
describe the branes in M-theory and their bound states.
For those familiar with the (2,0) theory in 6 dimensions
where a self-dual string solution gives rise to the states in
4 dimensions that transform under the 4d SL(2) after di-
mensional reduction on a torus, this is analogous. The
solution described in [57] is a sort of gravitational ver-
sion of the self-dual string. Its reduction in different ways
gives rise to the brane states that transform under the U-
duality group. One might suspect that this is always true.
If we have a theory with states transforming under some
duality group it suggests that the theory can be lifted to
higher dimensions and that these states come from a sin-
gle solution in the higher-dimensional theory.
Following the Kaluza–Klein intuition leads to the idea
of a Scherk–Schwarz-type ansatz for reducing EFT [58–
60]. This breaks the usual section condition and yet one
can show it is consistent. The result is produces gauged
supergravities where the gauging is determinedby the so
called embedding tensor which in turn is given by the
twist matrix of the Scherk–Schwarz ansatz.
Finally, we can consider more complicated fibrations
and use the full Ed -symmetry to patch solutions. This
leads to M-theory generalisations of the exotic fluxes de-
scribed for DFT and the appropriate exotic brane solu-
tions that act as their source. This is reported in depth
in [61–63] where a huge spectrum of solutions have been
constructed using EFT.
4 Superalgebras
(The work in this section is based on a collaboration with
Malcolm Perry [64]). Perhaps the starting point for M-
theory is the fact that the type II superalgebras in ten di-
mensions can be lifted to the unique eleven-dimensional
superalgebra.
{Qα,Qβ}=
= Pµ(CΓµ)αβ+Zµν(CΓµν)αβ+Zµ1···µ5 (CΓµ1···µ5)αβ
(51)
In lifting the type IIA algebra we must identify the ten
dimensional central charge associated to the D0-brane
with the momentum in the eleventh dimension. This
identification can be seen directly by comparing the BPS
state equation:
P0
2 = |Z |2 (52)
to the equation for a null wave:
P0
2 = |P|2 . (53)
The D0 brane identification with the null wave in M-
theory exactly realises this formal similarity with the cen-
tral charge, Z being identified with P11. Thus the D0-
brane is actually massless. Its effective mass in ten di-
mensions is just a result of its momentum in the eleventh
dimension. Looking at the eleven-dimensional superal-
gebra (51) it is tempting to see if one could try the same
trick again. Can one could reinterpret all the central
charges as arising from momenta in extra dimensions?
If so then all the branes would result from null-waves in
extra dimensions i.e. all the branes would be tensionless
and their effective tensions in eleven dimensions would
only arise from their momenta in the extra dimensions.
This is not a new idea. A number of authors have pur-
sued this idea in various forms. In fact the seed of this
idea was noticed at the very naissance of extended su-
persymmetry in where the central charges of the N = 2,
4d theory were described as coming from some higher-
dimensional theory.
The reader tempted by this idea will immediately be
put off by the fact that the central charges (51) transform
as a Lorentz two-form and five form. Also the objects
contracted with the central charges i.e. CΓµν,CΓµ1 ···µ5
do not appear to obey a Clifford algebra! This immedi-
ately seems to end the idea of interpreting the central
charges asmomenta and alternative interpretationswere
explored for the so calledM-theory algebra [12,65].
However, this is exactly what the sort of extended gen-
eralised geometry described above is set up to do where
the generalised coordinates in the extended geometry are
(we will only consider d < 6):
X I = (xµ, yµν, yµ1···µ5) . (54)
Given the discussion above it seems natural to revisit
the idea of lifting the eleven-dimensional superalgebra
and interpreting the central charges asmomenta in these
new dimensions. We will thus examine some specific ex-
amples with dimension, d = 10,16 with a simple superal-
gebra without central charges, that is schematically:
{Qα,Qβ}= (CΓI )αβP I . (55)
We will then examine the representation theory for this
superalgebra. Themassless (in the generalised sense) rep-
resentations will then be shown to obey quadratic con-
straints on the momenta in the theory,
Y I J PQPIP J = 0, P IP JδI J = 0. (56)
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The first quadratic constraint is exactly the physical sec-
tion condition that was discovered previously from de-
manding closure of the algebra a local symmetries [66,
18, 47] and the second condition is just the statement of
being massless (in the generalised theory). Other repre-
sentations will not obey this constraint and so will not
be contained in the usual formulation of generalised or
extended geometry where the section conditionmust be
imposed. In terms of the usual theory these generalised
massless states will be the 1/2 BPS states. The section
condition determines a generalised light cone where the
1/2 BPS lie, the other states with less supersymmetry
then lie in the interior of the cone.
This shows the remarkable interplay between the
global duality symmetry, the local symmetries and the su-
persymmetry in the extended space. This quadratic con-
straint onmomenta restricts the effective degrees of free-
dom and avoids the various no-go theorem for construct-
ing supersymmetric theories in dimensions higher than
eleven.
4.1 U-duality and its realisation in an extended
geometry, the simple example of SL(5)
Along side the usual four coordinates, xa, (a = 1, . . . ,4), six
new coordinates y[ab] are introduced tomake up a ten di-
mensional space. (We move here to Latin indices to indi-
cate wemust consider different possible signatures). The
key to making supersymmetry work is that the spinors
live in the local group H. Thus for the SL(5) U-duality in-
variant action the bosonic sector is given by a nonlinear
realisation of SL(5)/SO(5) but the spinors of the theory
will be a representation of Spin(5).
We now recombine the coordinates to produce an
SL(5) representation. The usual coordinates xa and the
membranes windings yab become the 10 of SL(5) as fol-
lows:
z [i j ]= za5 = xa
= zab = 1
2
ηabcd ycd .
(57)
Where ηabcd is the alternating symbol, i.e. η1234 = 1 and
i , j = 1, . . . ,5 and the coordinates z [i j ] are in the 10 of
SL(5) which we denote with the index I , J = 1, . . . ,10. As-
sociated with these coordinates will be a set of transla-
tion generators or generalised momenta:
P[i j ] = PI . (58)
One thenwrites down a generalisedmetric on this ten
dimensional space in terms of the usual metric gab and
three-formCabc as follows:
GI J =
( gab + 12Cae f Cbe f 1p2Vakl
1p
2
Vbmn gmn,kl
)
, (59a)
where
gmn,kl = 12 (gmkgnl − gml gnk ) (59b)
is the induced metric on antisymmetric bi-vectors and
we have defined Vakl to be given by
Vakl =Capqηklpq . (59c)
The metric GI J is a metric on the coset of SL(5)/SO(5).
This is just a more convenient rewriting from the previ-
ous description of the SL(5) theory that is suited to what
follows.
In order to make the theory supersymmetric we will
require that the space have a Lorentzian signature and
thus gab is Lorentzian. The reason for this, aside from
any desire to construct a theory with a temporal direc-
tion, simply comes from the usual restriction of spinors
in various dimensions and signatures [67]. Thus instead
of the usual Euclidean 14-dimensional coset with (0,14)
signature we will need to work with the coset:
SL(5)/SO(2,3) . (60)
This coset’s dimension3 is 14 with signature given by
(10,14)-(4,6)=(6,8). The various choices of Lorentzian
coset structures are discussed in [68]. To see why this is
the appropriate choice of coset we simply examine the
fields in the coset and count the numberwith negative di-
rections. These negative directions are given by: g0a and
C0ab (with a = 1, . . . ,3) which gives a total of six nega-
tive directions leaving 8 positive directions which indeed
matches the counting of the coset given in (60).
We will now introduce spinors of the local group H ,
SO(2,3), with spinor index α = 1, . . . ,4. Consequently we
then have the associated gammamatrices:
(Γi )αβ , i = 1, . . . ,5 (61)
which form the Clifford algebra for SO(2,3). Along with
this we have the charge conjugation matrix (C )αβ and its
inverse (C−1)αβ withwhichwe can lower and raise spinor
indices respectively through left multiplication.
3 Not to be confused with the dimension of the space itself on
which this metric acts which is of course 10.
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From these SO(2,3)Γmatriceswe can form the appro-
priate representation of the global groupG, SL(5). The set
of antisymmetrised products of the Γi matrices:
(Γ[i j ])αβ = (ΓI )αβ , I = 1, . . . ,10 (62)
are in the 10 of SL(5). To compare with the usual super-
symmetry algebra, they can be decomposed into SO(1,3)
Γmatrices just as we did with the coordinates described
by (57):
Γ
I = Γ[i j ]= (Γ[a5],Γ[cd]) . (63)
Similarly, the generalised momentum decomposes as:
PI =P[i j ] = (Pa5, 12ηabcdZ cd ) (64)
with the obvious identification of Pa5 = Pa with mo-
menta in the usual four-dimensional space-time and the
set {Z cd } labels momenta in the novel extended direc-
tions. Now we wish to be able to form a supersymme-
try algebra using this set of generalised gamma matri-
ces, {ΓI }, the set of generalised momenta PI and the
supercharges, Qα. No central charges are required; the
bosonic sector has only the generators of the generalised
Poincare group. Thus the complete superalgebra is given
by:
{Qα,Qβ}= (CΓI )αβPI , [Qα,PI ]= 0, [PI ,P J ]= 0,
(65)
whereC is charge conjugationmatrix for SO(2,3) spinors.
The is supplemented by the Lorentz algebra for SO(2,3)
which will act not on the vector representation but on
the 10 of SO(2,3) so that when combined with the mo-
menta PI we have the generalised Poincare group i.e.
the motion group for the generalised space-time. Just as
in any quantum field theory we will use the algebra of
space-time to classify states. Following Wigner, elemen-
tary states are irreducible representations of the Poincare
algebra and we may use the Casimirs of the algebra to la-
bel the representation. In this case it is the generalised
Poincare algebra that will be relevant to classify the states
of the theory through its Casimirs.
We will proceed exactly as in the usual superalgebra
case when one wishes to examine the massless represen-
tations i.e. where the quadratic Casimir of momentum
vanishes, and show that they form‘short multiplets’.
We calculate the square of (55) which is positive defi-
nite:
(C−1ΓI )αβ (CΓJ )βγPIP J ≥ 0. (66)
Then by demanding that this bound is saturated, we
have a quadratic constraint on the generalisedmomenta,
P I .
We will now determine this constraint on the gener-
alised momenta by substituting the decomposition (63)
into (66) and demanding the bound is saturated.
This produces (suppressing spinor indices):
(C−1ΓI ) (CΓJ )PIP J =
= 2(ηabPaPb −ZabZcd (ηacηbd −ηadηbc ))I+
+4PaZabΓb+
+2ZabZcdΓabcd .
(67)
Demanding that this is zero, we need each line to van-
ish separately. This means the constraints in terms of the
four-dimensional momenta and central charges are:
PaP
a = ZabZ ab , PaZab = 0, ZabZcdǫabcd = 0.
(68)
The first term is the standard BPS condition (52) requir-
ing the mass be equal to the central charge and the sec-
ond two equations are the quadratic constraints required
for the state to be 1/2 BPS as calculated in [69] by essen-
tially the same calculation.
In terms of the SL(5) generalised momenta, P[i j ]
these equations become:
P[i j ]P
[i j ] = PIP I = 0, (69a)
ǫi j klmP[i j ]P[kl] = 0. (69b)
The first equation (69b) implies that the state is mass-
less in from the point of view of the extended space
Poincare algebra. Thus in extended geometry the usual
BPS states are massless. Supersymmetry works because
the massless multiplet of SO(2,3) has the same number
of degrees of freedomas themassivemultiplet in SO(1,4).
The second equation (69b) is precisely the physical
section condition that we need to impose so that the lo-
cal symmetry algebra of the extended geometry i.e. the
algebra of generalised Lie derivatives, closes.
Thus we see that from demanding the representation
of the supersymmetry algebra saturates the bound (66)
we reproduce the quadratic constraints on the gener-
alised momenta. The foundation of this calculation has
essentially already appeared in the literature in the con-
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text of U-duality multiplets for 1/2 BPS states [69]4 and
more recently the condition has been rewritten in terms
of the E11 algebra in [70]. What this calculation shows
is the connection between: 1/2 BPS states in 4 dimen-
sions, these states in the 10-dimensional extended space,
the spinors of SO(2,3), the local Lorentz group of the ex-
tended space and their Clifford algebra, and representa-
tions of SL(5) the global symmetry of the extended space.
Finally, we now rewrite the supersymmetry algebra
of the generalised space with no central charges (55) in
terms of four-dimensional quantities i.e. 4d momenta
and central charges as follows:
{Qα,Qβ}= (CΓI I )αβPI
= (CΓaΓ5)αβPa +
(
1
2
ηabcdCΓ
ab
)
αβZ
cd .
(70)
Now we wish to think of this in SO(1,3) language so that
we can reinterpret the spinors as being Dirac spinors
of SO(1,3). Obviously, the Spin(2,3) spinors also can be
thought of as Spin(1,3) Dirac. Crucially, the charge conju-
gationmatrix will be different because of the presence of
two time like directions in SO(2,3). Thus the four dimen-
sion SO(1,3) charge conjugationmatrix whichwe denote
by C(4) will be related to the SO(2,3) charge conjugation
matrix by:
C =C(4)Γ5 (71)
with (Γ5)2 =−1. We can then insert this into (70) to give:
{Qα,Qβ}= (CΓI )αβP I
= (C(4)Γ5ΓaΓ5)αβPa +
(
1
2ηabcdC(4)Γ
5
Γ
ab
)
αβZ
cd
= (C(4)Γa )αβPa + (C(4)Γcd )αβZ cd ,
(72)
where we have used the elementary properties of four-
dimensional Γmatrices:
{Γ5,Γa }= 0 and Γ5Γab =− 1
2
ηabcdΓcd . (73)
Thus, we have seen how the usual 4d supersymmetry
algebra with central charges may be lifted to an algebra
with global SL(5)-symmetry with no central charges. All
the central charges come frommomenta in the novel ex-
tended directions. The section condition of the extended
4 We thank Boris Pioline in particular for first drawing our atten-
tion to the similarity between the physical section condition
and the 1/2 BPS constraints.
geometry is then just from considering the massless rep-
resentations of this algebra — the massless representa-
tion being 1/2 BPS as usual.
This is the structure that we will replicate for the dif-
ferent cosets. In summary, for dimension d there is a
cosetG/H ; one then does the following:
i) Construct spinors of H and write down the associ-
ated Clifford algebra, Γi .
ii) Form a representation of G using a sum of antisym-
metrised products of Γi to give ΓI .
iii) Combine the momenta and central charges to form
a representation of G which we think of as the gener-
alised momenta PI .
iv) Rewrite the superalgebra in terms of only the gener-
alisedmomentaPI and the set of generalised gamma
matrices ΓI .
v) Demand (66) is saturated for the massless represen-
tation to give constraints on PI .
vi) This constraint should be the same as that required
by the closure of the algebra of generalisedLie deriva-
tives, also known as the section condition.
In case the reader is worried that the SL(5)/SO(2,3)
case was somehow degenerate and we got lucky we will
now carry out this procedure explicitly for the case of d =
5,G = SO(5,5) and H = SO(5,C) and again reproduce the
physical section condition for the theory.
5 Case, SO(5,5)/SO(5,C) and manifest
U-duality in d = 5
We will now follow the above instruction set for the case
in d = 5 of SO(5,5)/SO(5,C). The algebra H is now
SO(5,C) rather than the more customary SO(5)× SO(5)
because again we will choose a metric with Lorentzian
signature and so the local group, H is different from the
Euclidean case. One discovers that the coset has dimen-
sion 25 with signature (15,10) as it should. The extended
space itself on which the SO(5,5) acts is 16-dimensional
with coordinates that we will denoted by z I . In terms of
five-dimensional representations:
z I = (xµ, y[µν], y[µνρστ]) , µ,ν= 1, . . . ,5 (74)
that is, usual coordinates augmented with two-form co-
ordinates and five-form coordinates. The metric on this
space and the SO(5,5) invariant action are described in
[71].
Step 1, we construct spinor of H . Thus we have com-
plex spinors of SO(5) and the corresponding complex
Clifford algebra:
(Γµ)αβ . (75)
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Step 2, wemust now form a representation ofG from this
set of gammamatrices:
Γ
I = (Γµ,Γ[µν],Γ[µνρστ]) . (76)
Step 3, we write the generalised momenta in terms of a
5d momentum Pµ and central charges as follows:
P I = (Pµ,Z[µν],Z[µνρστ]) . (77)
Step 4, we demand (66) to determine constraints on P I ,
and now we must do some work with the 5d Clifford al-
gebra (we have found GAMMA [72], very useful for this):
{CΓI ,CΓJ }PIP J =
= 2(ηµνPµPν+ZµνZµν+Zµ1···µ5Zµ1···µ5)I+
+4PµZµνΓν+2(Z[µνZρσ]+PτZτµνρσ)Γµνρσ .
(78)
The constraints are thus:
PµZµν = 0 and Z[µνZρσ]+PτZτµνρσ = 0. (79)
In terms of representations of G, this is equivalent to
the pure spinor condition on the generalised momenta,
P I and matches precisely the physical section condition
[56].
6 Double field theory and the analogy
with geometric quantisation
We have seen that in DFT we double the coordinates but
then later restrict the coordinate dependence on fields in
order to solve the strong constraint. Crucially, we do al-
low alternative solutions of the strong constraint or ‘sec-
tion condition’ so that the formalism allows us to have
fields to be functions of x or x˜ just not both simultane-
ously.
This is highly analogous to geometric quantisation
[73], where one has in the pre-quantum bundle a com-
plex line bundle over phase space with 2d dimensions.
The phase space has canonical coordinates {x,p} and
is equipped with a symplectic form ω. Sections of the
pre-quantum bundle are wave functions on phase space
φ(x,p).
We must then impose a so called ‘polarisation’ on
phase space to take the pre-quantum bundle to the phys-
ical quantum bundle which means one determines a
Lagrangian submanifold, Σ of phase space (that is a
d-dimensional isotropic and coisotropic submanifold).
The symplectic form is used to determine the polarisa-
tion through demanding that the pull back ofω to Σ van-
ishes. Then one demands that the base of the line bundle
is the Lagrangian submanifold. (In more mundane lan-
guage, that the wave function only depends on the coor-
dinates of the Lagrangian submanifold).
To make all this concrete, let us adopt Darboux coor-
dinates on phase space such that the symplectic form is
given by ω = dp ∧dq . Wave functions φ(x,p) then can
be restricted natural to the Lagrangian submanifold de-
scribed with coordinates q such that the wave function
is independent of p and φ(q). Note, however, one could
make an alternative choice and have themomentumrep-
resentation such that the Lagrangian submanifold is de-
scribed by p and φ(p). These different choices reflect the
hidden symplectic symmetry of the system. Physics is in-
variant under canonical transformations, which are the
coordinate transformations of phase space that preserve
the symplectic structure. Note, that in the usual descrip-
tion of the system using a Lagrangian, this symmetry is
not manifest. The Lagrangian has the advantage of be-
ing naturally relativistic (in treating time and space co-
ordinates on the same footing) but it hides the canonical
symmetry that the Hamiltonian exposes.
Now in fact life is not quite as simple as described
above. When onemakes different choices of polarisation
one must (in what is known as ‘half form’ quantisation)
pick a volume form on the Lagrangian submanifold (this
is so one can define the normof thewave function on the
space). As onemoves between different choices of polari-
sation then the volume form needs to transform. Further
than this, in fact one can allow the wave function to pick
up a phase. These changes of phases in the wave func-
tion under different choices of polarisation mean in fact
that the wave function is not a representation of the sym-
plectic group but its double cover which is known as the
metaplectic group [73].
Note, there is an entirely alternative quantisation
scheme, where one keeps the pre-quantum bundle and
thus have φ(x,p) but now deform the product of fields,
often called the star product. This is known as Moyal
quantisation and has the advantage of maintainingman-
ifest symplectic symmetry under quantisation. There
are other quantisation schemes also possible and their
equivalence is much discussed.
All of this is highly analogous to DFT and string the-
ory. The phase space of the string contains the coordi-
nates {x, x˜}. The strong constraint implies that one must
construct a polarisation using η, i.e. ad-dimensional sub-
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space which we call space-time 5 Alternative choices are
possible and the shift between different choices is as we
have seen related to T-duality. In fact one can push this
analogy further. The shift in the dilaton under T-duality
is precisely the sort of shift one sees in half form quan-
tisation of the volume form on the Lagrangian submani-
fold. Perhaps the most persuasive detail is that the string
partition function under T-duality, i.e. changing section
choice, transforms as a representation of the metaplec-
tic group. This is easily seen as theta functions transform
metaplectically under Poisson resummation. (A fact that
was used by Weil to give a representation-theoretic inter-
pretation of theta functions). Essentially from the string
world-sheet perspective T-duality is a canonical transfor-
mation, the partition function is then like the wave func-
tion and DFT is a geometry that reflects all this.
This observation begs the question whether alterna-
tive schemes like Moyal quantisation are possible for
DFT, where one drops the strong constraint but instead
deforms the product of fields to produce string correc-
tions. In all of this it is implicitly appearant that the string
itself is sort of a quantisation, a dimensional deformation
of the classical theory equipped with a polarisation on
phase space and the structure of DFT reflects this.
Key words. Kaluza–Klein compactification, double field the-
ory
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